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The whirl-flutter-instability phenomenon imposes a serious limit on the forward speed in tiltrotor aircraft. In this

paper, an advanced analysis is formulated to predict an aeroelastic stability for a gimballed three-bladed rotor with

flexible wing based on three different types of aerodynamic model. Among them, the one with the full unsteady

aerodynamics is most sophisticated, because it may represent more realistic operating conditions. A nine-degree-of-

freedom model is newly developed to predict the complete tiltrotor aircraft. Numerical results are obtained in both

time and frequency domains. A generalized eigenvalue is used to estimate whirl-flutter stability in the frequency

domain, and the Runge–Kuttamethod is used in the time domain. Control system flexibility is further included in the

present analysis to give the capability for a more accurate stability prediction. Results from such an improved

analysis are validatedwith the other existing predictions and showgoodagreement. Thepresentmodelwith unsteady

aerodynamics will be extended to further consider an aerodynamic interaction between the rotor and wing.

Nomenclature

a = rotor blade section two-dimensional lift-curve slope
ah = distance from the pivot point to the aerodynamic

center
b = half-chord of airfoil
C = damping matrix
CH = rotor vertical force coefficient
C�k� = lift-deficiency function
CMx = rotor lateral moment coefficient
CMy = rotor longitudinal moment coefficient
CT = rotor thrust coefficient
CY = rotor side force coefficient
c = rotor blade chord
D = blade section drag force per unit length
Fr = blade section radial aerodynamic force per unit

length
Fx = blade section in-plane aerodynamic force per unit

length
Fz = blade section out-of-plane aerodynamic force per

unit length
Ga = pitch input coefficient matrix
H = rotor H-force
hm = rotor mast height
_h = velocity of the flapping motion
Ib = characteristic inertia of blade flapping
Ip = rotor blade pitch moment of inertia
Ix = pylon yaw moment of inertia
Iy = pylon pitch moment of inertia
I� = blade flap inertia
I� = blade lag inertia
K = blade stiffness matrix
Kx = pylon yaw spring constant
Ky = pylon pitch spring constant
KP = rotor blade pitch-flap coupling

KP� = rotor blade pitch-lag coupling
L = blade section lift force per unit length
LC = circulatory part of blade section lift force
LNC = noncirculatory part of blade section lift force
M = blade mass matrix
Mx = rotor lateral hub moment
My = rotor longitudinal hub moment

M� = net flap moment

mp = pylon mass
N = number of blade
p = wing torsion mode
Q = downwash velocity at three-quarter chord
q1 = wing vertical bending mode
q2 = wing chordwise bending mode
R = rotor blade radius
S� = first moment of inertia in flap mode
S� = first moment of inertia in lag mode
s = Laplace variable in transfer function
T = rotor thrust
U = blade section resultant velocity
UP = blade section out-of-plane velocity
UR = blade section radial velocity
UT = blade section in-plane velocity
uG = longitudinal aerodynamic gust velocity
V = aircraft forward velocity
v = rotor-induced inflow
X1;X2 = augmented state variables
x = vertical axis
Y = rotor side force
y = lateral axis
yp = rotor shaft vertical displacement
yTw = cantilever wing length
Za = gust coefficient matrix
z = longitudinal axis
zP = rotor shaft longitudinal displacement
�G = vertical aerodynamic gust velocity
�x = rotor shaft yaw angle at pivot
�y = rotor shaft pitch angle at pivot
�z = rotor shaft roll angle at pivot
� = blade flapping angle
�G = lateral aerodynamic gust velocity
�1C = rotor longitudinal flapping degree of freedom
�1S = rotor lateral flapping degree of freedom
� = Lock number
�� ��� � = small variation in a quantity
�uP = component of perturbation in uP
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�uT = component of perturbation in uT
�3 = rotor blade pitch/flap coupling
� = blade lag angle
�1C = rotor cyclic lag degree of freedom
�1S = rotor cyclic lag degree of freedom
� = blade pitch angle
�0 = rotor collective pitch control input
� = air density
� = rotor solidity
	� = rotating blade flapping natural frequency
	� = rotating blade lag natural frequency
� = blade inflow angle
� = rotor blade azimuth angle
� = rotor rotational speed
!� = natural frequency corresponding to the rotor blade

rigid-pitch motion
� �0 = trim quantity
�_� = d=d�
� = dimensionless quantity

I. Introduction

T HEwhirl-flutter instability, which is induced by an in-plane hub
force in a rotor, generally governs the maximum cruise speed in

a tiltrotor aircraft. Precise estimation of the whirl-flutter instability is
thus required to improve the cruise performance. Hall [1] analyzed a
few principal destabilizing factors for rotor/pylon whirl flutter, and
further research was conducted to improve whirl-flutter stability.
Johnson [2] performed a rigid-blade analysis and validated it with the
experimental data. He extended the analysis to use the coupled blade
bending and torsion modes and the nonaxial flow, which enabled an
analysis of the helicopter mode and the conversion operation [3,4].
Higher-harmonic control was experimentally employed at both the
rotor swashplate and the wing flaperon to reduce vibrations in
airplane mode [5]. In [6], generalized predictive control was
experimentally investigated to evaluate the effectiveness of an
adaptive control algorithm. More recently, a refined active-control
algorithm employed via actuation of the wing flaperon and the rotor
swashplate was examined for whirl-flutter stability and robustness
augmentation [7].

It is observed that the previous analytical investigations have not
considered an unsteady aerodynamic environment. Many
researchers indicated that unsteady aerodynamic effects may not
be significant to the whirl-flutter stability in tiltrotor aircraft.
However, there have not been any analytical results in the literature
regarding quantitative estimation of unsteady aerodynamics, which
may affect the whirl-flutter stability in tiltrotor aircraft.

This paper provides a description of an advanced analytical model
with three different aerodynamic models. It is difficult to predict an
influence of unsteady aerodynamic effects upon the whirl-flutter
stability, because unsteady aerodynamics is believed to play a certain
part in whirl-flutter stability and thus airframe vibration. In this
paper, a nine-degree-of-freedom (9-DOF) model is developed to
predict and enhance the whirl-flutter stability, including an unsteady
aerodynamic model. A less detailed 4-DOF model is previously
established by the authors and is explained in [8]. The present 9-DOF
model is more complete than the previous 4-DOF model, because a
lead-lag motion of the rotor blade and a flexible-wing motion are
newly included.

II. Analytical Model

To analyze an aeroelastic characteristic of a tiltrotor aircraft,
relevant formulation is divided into three parts (i.e., rotor, wing, and
shaft). For the present modeling of a rotor, the flap, lag, and shaft
motions are considered in the structural formulation and three
different types of aerodynamic models are used in the aerodynamic
formulation: two quasi-steady models and one full unsteady
aerodynamic model. For an elastic wing, vertical q1 and lateral q2
bending and torsion p are considered in the structural part with the
similar aerodynamic models. The motion of the rotor shaft needs to

be expressed in terms of the wing degrees of freedom. The shaft
displacements xP, yP, and zP and rotations �x, �y, and �z at a pivot
point are transmitted to the wing degrees of freedom, because the
rotor motion is directly transmitted to the wing through the shaft.
More detailed explanations are presented in the following sections.

A. Rotor Equations of Motion

1. Structural Modeling

The structural part of the rotor system,which is presented in Fig. 1,
is based on a typical helicopter configuration; however, a few
modifications are needed because of several additional degrees of
freedom. The present model then consists of 12 degrees of freedom:
three each for blade flapping (�0,�1C, and�1S) and lead-lag (&0, &1C,
and &1S) motions in the rotor and three each for translation (xp, yp,
and zp) and rotational (�x, �y, and �z) motions of the rotor shaft.
When it is combined with the full unsteady aerodynamic model, four
degrees of freedom will be added, which are augmented state
variables X1C, X1S, X2C, and X2S. They are explained in detail in the
following Aerodynamic Modeling section.

A flapping and lead-lag degree of freedom is used to describe a
motion of the completely rigid gimballed three-bladed rotor system
assumed in the present paper. Considering force and moment
equilibrium, the following equations are obtained, which represent
the rotor and shaft motion:

I�� ��m � 
2��m � I����� ��y � 2� _�x� cos m
� � ��x � 2� _�y� sin m� � S� �zP� �MFm

(1)

I&� �&m � 
2&&m � S&�� �xP � hm ��y� sin m
� � �yP � hm ��x� cos m� � I&� ��z� �MLm

(2)

Equations (1) and (2) are, respectively, moment equilibrium
equations of flap and lag in a rotating frame. Employing the Fourier
coordinate transformation, it is possible to convert these equations
into those in a nonrotating frame. The equations are also
nondimensionalized with respect to �, �, R, Ib, �, �, and Ib�N=2�.
The structural part of the rotor equations of motion is arranged on the
left-hand side (LHS) in the preceding equations and the aerodynamic
part is on the right-hand side (RHS).

2. Aerodynamic Modeling

The aerodynamic formulations are obtained with an assumption
that the tiltrotor aircraft is in a purely axialflow in equilibrium.Only a
perturbation component in aerodynamics is considered in this paper.
The trim state is assumed to be established already and the
perturbation from it is only considered for an aeroelastic stability
analysis.

Fig. 1 Totally rigid-bladed rotor system.

KIM AND SHIN 1003



The rotor aerodynamic forces and moments are presented in the
RHS of Eqs. (1) and (2). Three different kinds of aerodynamicmodel
are developed in the present paper, both in time and frequency
domains: two quasi-steady models and one unsteady aerodynamic
model. The first aerodynamic model is widely used and is referred to
as a normal quasi-steady aerodynamics in this paper. This
aerodynamic model is developed based on [2] and is described in
Eq. (3). The second quasi-steady aerodynamic model is presented in
Eq. (4). It is equivalent to replacing C�k� with 1 in Greenberg’s
aerodynamic model [9–11]. This model is cited as Greenberg’s
quasi-steady aerodynamics through the present paper. For a full
unsteady aerodynamic representation, Greenberg’s two-dimensional
unsteady aerodynamic model is used [10–13]. Its expression is
presented in Eq. (5). In Eqs. (4) and (5), noncirculatory terms are
ignored, because a thin airfoil theory is adapted in the present
derivation, and thus the effects of noncirculatory terms are believed
to be very small compared with the circulatory terms [14]. In the
present paper, a generalized Greenberg’s aerodynamic formulation,
which is modified for a rotary-wing aircraft by Friedmann and Yuan
[12], is used to derive the quasi-steady and unsteady aerodynamic
models, because such a simple aerodynamic model based on a strip
theory requires relatively small computational effort to obtain a
reasonable result. The present formulation is also useful for a finite
time arbitrary motion in a coupled flap–lag–torsion aeroelastic
analysis of a rotating blade [11,15]. The foregoing development of
the state-space form is also suitable with the present formulation of
Greenberg’s unsteady aerodynamics [11,13]:

L� 2��U�t�2b��t� (3)

L�

2��U�t�b
�
� _h�t� �U�t���t�� � b

�
1

2
� ah

�
_��t�ref

�
|����������������������������������������������{z����������������������������������������������}

circulatory part�LC�

�
��b2�� _h�t� �U�t���t�_� � bah ���t�ref �|�������������������������������{z�������������������������������}

noncirculatory part�LNC�
(4)

L�

2��U�t�bC�k�
�
� _h�t� �U�t���t�� � b

�
1

2
� ah

�
_��t�ref

�
|���������������������������������������������������{z���������������������������������������������������}

circulatory part�LC�

�
��b2�� _h�t� �U�t���t�_� � bah ���t�ref �|�������������������������������{z�������������������������������}

noncirculatory part�LNC�
(5)

The aerodynamic environment of a typical rotor blade section is
presented in Fig. 2. All the velocities and forces are estimated with
respect to the reference frame, which is a hub plane. The
aerodynamic forces acting on a blade typical section are lift L and
drag D. The total forces in the x and z directions can be obtained as
follows:

�Fz
a �c
�

�L

a �c
cos��

�D

a �c
sin� (6)

�Fx
a �c
�

�L

a �c
sin��

�D

a �c
cos� (7)

where sin�� �up� ��=�U� ��, and �L and �D are the non-
dimensionalized terms, which are divided by ��2R3.

The aerodynamic forces acting on a blade are dominated by the lift
in a rotor flowfield with a high inflow. Thus, the drag forces are not
included and onlyCl� terms are retained. ThenEqs. (6) and (7) can be
simplified as follows:

�Fz
a �c
�

�L

a �c

uT� �
U� � (8)

�Fx
a �c
�

�L

a �c

uP� �
U� � (9)

�Fr
a �c
� �U �uR

Cd
2a
� �

�Fz
a �c
’ ��

�Fz
a �c

(10)

According to the assumption used in the present paper, which is
that only perturbation terms in aerodynamics are to be considered,
Eqs. (3–5) can be divided into two terms (trim and perturbation) and
simplified as follows:

L� 2��bfU0 � �U�t�g2f�0 � ���t�g (11)

L� 2��bU�t�
�
��up�t� cos�� �uT�t� sin��U�t���t�

� b�1
2
� ah�� _�ref

�
� 2��bU�t�Q�t� � 2��bfU0 � �U�t�gQ�t�

(12)

L� 2��bU�t�C�k�
�
��up�t� cos�� �uT�t� sin��U�t���t�

� b�1
2
� ah�� _�ref

�
� 2��bU�t�C�k�Q�t�

� 2��bfU0 � �U�t�gC�k�Q�t� (13)

where

Q�t� � ���up�t� cos�� �uT�t� sin��U�t���t� � b�12 � ah�� _�ref �

��t� � �0 � ��, �����KP, uT�t� � uT0 � �uT�t�, uP�t� � uP0
�

�uP�t�, and _h���up�t� cos�� �uT�t� sin�.
The detailed expressions of the perturbation velocity terms are

presented in Appendix A.
The preceding expressions can be used for the two quasi-steady

aerodynamic models. However, for the full unsteady aerodynamic
model, expressions of the forces and moments are slightly different
because of the lift-deficiency function C�k�. This function is
represented only in the frequency domain, as in Eq. (5). Therefore,
Jones’s approximation, which is shown next, is used to express the
lift-deficiency function in the time domain [16,17].

C�k� �
�
0:5�s2 � 0:2808�s� 0:01365

�s2 � 0:3455�s� 0:01365

�
(14)

where �s� s� �bR=U0�.

Fig. 2 Resultant and inflow velocity on a typical blade section.
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By substituting Eq. (14) into Eq. (5), a state-space equation is
obtained as follows:

�
_X1

_X2

�
� a11 a12

1 0

� ��
X1

X2

�
�
�
1

0

�
Q�t�

y� �C D�
�
X1

X2

�
� 0:5Q�t�

(15)

where a11 ��0:3455�U0= �bR�, a12 ��0:0137�U0= �bR�2, C�
0:1081�U0= �bR�, and D� 0:0068�U0= �bR�2.

From Eq. (15), new state-space equations for the augmented state
variables and circulatory part of the lift can be formulated as a
dimensionless form:

� _�X1

_�X2

�
� a11 a12

1 0

� ��
�X1

�X2

�
�
�
1

0

�
Q� �

�Lc � 2�bU� �fC �X1 �D �X2 � 0:5Q� �g
(16)

where X1 � R �X1, X2 � �R=�� �X2, and �@=@t� ���@=@ �.
In Eq. (16), the augmented state variables �X1 and �X2 are associated

with a downwash velocity at the three-quarter-chord location [15].
They are used to describe the unsteady effect. These augmented
states are driven by the time history of Q� � at each spanwise
location. However, in this paper, those corresponding to the three-
quarter-span location are used for a representative averaged value. A
Fourier coordinate transformation may be applied to express Q� �,
�X1, and �X2 in a nonrotating system:

Q� � � �Q0 �
XNH
n�1

�Q1cn cos n � �Q1sn sin n 

�X1 � �X10
�
XNH
n�1

�X1cn cos n � �X1sn sin n 

�X2 � �X20
�
XNH
n�1

�X2cn cos n � �X2sn sin n 

(17)

where NH is the number of harmonics retained in the Fourier
analysis.

By substituting Eq. (17) into Eq. (16), the lift expression is
obtained for the full unsteady aerodynamic model for an analysis in
the time domain.

In Fig. 3, the in-plane forces, which areH and Y in each blade, can
be expressed as follows:

Hforce � Fx sin m � Fr cos m
Yforce ��Fx cos m � Fr sin m

(18)

The net rotor aerodynamic forces and moments are obtained by
integrating the section forces andmoments over the span of the blade
and summing over all three blades:

CT
�a
� 1

N

X
m

Z
1

0

�Fz
a �c

d�r

2CH
�a
� 2

N

X
m

�
cos m

Z
1

0

�Fr
a �c

d�r� sin m

Z
1

0

�Fx
a �c

d�r

�

2CY
�a
� 2

N

X
m

�
sin m

Z
1

0

�Fr
a �c

d�r � cos m

Z
1

0

�Fx
a �c

d�r

�

�MF

ac
�
Z

1

0

�r
�Fz
a �c

d�r

(19)

The hub moment due to the rotor may be expressed in terms of the
tip-path-plane tilt �1C and �1S as follows:

2CMy
�a
��


2� � 1

�
�1c (20)

2CMx
�a
�

2� � 1

�
�1s (21)

B. Wing Equations of Motion

The structural model of the wing, shown in Fig. 1, is elastically
cantilevered at the fixed support. The equations of motion for the
wing degrees of freedom are presented next:

�Iqw �mpy
2
Tw
� �q1 � Cq1 _q1 � Kqqq1 � Sw �p

� �Mq1
�aero � �Mq1

�rotor (22)

�Iqw � Ipx
02w �mpy
2
Tw
� �q2 � Cq2 _q2 � Kq2q2

� �Mq2
�aero � �Mq2

�rotor (23)

�Iqw � Ipy� �p� Cp _p� Kpp� Sw �q1 � �Mp�aero � �Mp�rotor (24)

Equations (22–24) are, respectively, moment equilibrium
equations of vertical q1 and lateral q2 bending and torsion p in the
fixed frame. They are also nondimensionalized with respect to �,�,
R, Ib, �, �, and Ib�N=2�; there, we have inertia, structural damping,
and spring terms. Those terms are influenced by wing aerodynamic
forces and rotor hub forces and moments acting on the wing tip.
However, the wing aerodynamic forces are not included in the
present derivation. The rotor aerodynamic forces and moments are
explained in the previous section.

C. Connection Between Rotor and Wing

To connect the rotor and wing models, a shaft motion needs to be
expressed, because the effects of the rotor motion are transferred
through the shaft to thewing. The equations ofmotion of the shaft are
presented as follows:

�x
�y
�z

0
@

1
A� 0 �
0wyTw 0

0 0 1

�
0wyTw 0 0

2
4

3
5 q1

q2
p

0
@

1
A (25)

xP
yP
zP

0
@

1
A� 
wyTw 0 0

0 0 0

0 �
wyTw 0

2
4

3
5 q1

q2
p

0
@

1
A (26)

The detailed expression of the shaft motion is also presented in [2].
The wing torsion deflection p is associated with the shaft pitch �y.
The wing vertical bending q1 results in vertical displacement xP of
the shaft. It also produces a slope of the elastic axis at the tip, and thus
such vertical bending results in a shaft roll motion �z. The wing
chordwise bending q2 is associated with longitudinal displacement
zP of the shaft and also shaft yaw angle �x. The wing bendingmotion
also produces a coupling in the rotor motion.

Fig. 3 H and Y forces on the blade.
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III. Aeroelastic Stability Analysis

After the rotor, wing, and connection equations are formulated,
they need to be assembled as a governing equation. The detailed
expression of the governing equation is presented in Appendix B.
The governing equations are obtained in terms of 9 and 13 degrees of
freedom for different aerodynamic models, which are quasi-steady
and full unsteady aerodynamics, respectively. First, the governing
equations with quasi-steady aerodynamic models are given. The
governing equations for the normal and Greenberg’s quasi-steady
aerodynamic models result in the same form.

A. Quasi-Steady Aerodynamic Models

Substituting the forces and moments of the rotor, which are given
in Eqs. (3) and (4), into the RHS of Eqs. (1), (2), and (22–24) gives
the following expression:

RHS � Ca _y� Kay�Gap� Zag (27)

where

yT � f�1C �1S &1C &1S �0 &0 q1 q2 pg

pT � f�1C �1S �0g, gT � fuG �G �Gg, and the subscript a means
an aerodynamic part.

The governing equation can be rewritten as follows:

Ms �y� Cs _y� Ksy� Ca _y� Kay�Gap� Zag (28)

where the subscript s means a structural part and all elements of the
matrices are dimensionless.

For simplicity, Eq. (28) can be rearranged as

Ms �y���Cs�Ca� _y��Ks�Ka�y�Gap�Zag
∴ �y��M�1s �Cs�Ca� _y�M�1s �Ks�Ka�y�M�1s Gap�M�1s Zag
���M�1s �C� _y��M�1s �K�y�M�1s Gap�M�1s Zag
��A _y�By� �Gp� �Zg (29)

where �C� �Cs � Ca�, �K � �Ks � Ka�,A� �M�1s �C�,B� �M�1s �K�,
�G� �M�1s Ga�, and �Z� �M�1s Za�.
Converting Eq. (29) into a state-space form gives

_Y � 0 I
�B �A

� �
|�������{z�������}

18�18

�
y
_y

�
|{z}
18�1

� 0 0
�G �Z

� �
|����{z����}

18�6

�
p
g

�
|{z}

6�1

(30)

where YT 	 fy _yg.

B. Full Unsteady Aerodynamic Model

Ordinary differential equations corresponding to the augmented
state variables are added to the preceding governing equations.
Substituting the aerodynamic forces and moment into the structural
equations, a state-space equation is obtained as follows:

_Y � 0 I
�B �A

� �
|�������{z�������}

18�18

�
y
_y

�
|{z}
18�1

�
�
0

C

�
|{z}
18�4

X|{z}
4�1

� 0 0
�G �Z

� �
|����{z����}

18�6

�
p
g

�
|{z}

6�1

(31)

where XT � � �X1C
�X1S

�X2C
�X2S�.

Here, the equations corresponding to the augmented state
variables describe the unsteady effects due to downwash at the
quarter-chord point. Using Eqs. (31) and (16), a governing equation,
which enables analysis in both the time and frequency domains, is
obtained in the following state-space form:

�
_Y
_X

�
�

T|{z}

18�18

S|{z}

18�4

D|{z}
4�18

E|{z}
4�4

2
664

3
775

|��������������{z��������������}
22�22

Y
X

� �
|{z}
22�1

�
O|{z}


18�6
0|{z}
4�6

2
664

3
775

|�����{z�����}
22�6

p
g

� �
|{z}

6�1

(32)

where

T
 � 0 I
�B �A

� �
|�������{z�������}

18�18

; S
 �
�
0

C

�
|{z}
18�4

; O
 � 0 0
�G �Z

� �
|����{z����}

18�6

E� a11 a12
1 0

� �
; D�

�
1

0

�
; v�

�
p
g

�
|{z}

6�1

A� � �M�1 �C�, B� � �M�1 �K�, C� � �M�1Za�, �M� �Ms �Ma�,
�C� �Cs � Ca�, �K � �Ks � Ka�, �G� �M�1s Ga�, and �Z� �M�1s Za�.

IV. Numerical Results

Numerical investigation is conducted by estimating whirl-flutter
stability boundary with the developed model. It is assumed that the
aircraft has reached a trim state; therefore, only perturbations are
considered to obtain the results regarding whirl-flutter stability.

The structural and aerodynamic quantities used for a numerical
investigation are based on a typical full-scale tiltrotor aircraft. The
numerical values of the structural parameters are based on those in
[2]. They are hm � 0:261, � � 3:83, 
� � 1:02, �� 458 rpm, and
b� 0:047. The operating condition considered in this paper is
autorotation. In a state of autorotation, no restraint is imposed on the
rotor rotation about the hub. Therefore, no rotor torque is transmitted
to the shaft, and no pylon roll motion is transmitted to the rotor. This
will be automatically accomplished by the zero spring rate. Because
the perturbations in control pitch input and gust are not considered in

the present analysis, �G, �Z, and O
 matrices will be ignored in
Eqs. (30) and (32). To investigatewhirl-flutter stability, aircraft flight
speed is arbitrarily increased and its stability is evaluated while
keeping the same structural parameters.

A. Normal Quasi-Steady Aerodynamic Model

This section presents the results of the normal quasi-steady
aerodynamic model in which the lift is expressed in Eq. (3). Figure 4
shows the predicted variation of the system eigenvalues in terms of
the flight speed. Progressive and regressive modes of the rotor
flapping and lead lag motion are denoted by �� 1 and &� 1,
respectively. The low frequencies of rotor flapping and lead lag
motion, which are � � 1 and & � 1, cross the vertical q1 and
chordwise q2 bending modes of the wing and affect the damping of
the wing modes. When the � � 1 frequency approaches the vertical
and chordwise bending modes, the vertical and chordwise damping
modes are rapidly decreased. Figure 4b shows the damping ratio. The
vertical bending mode of the wing has a maximum damping (where
& � 1 and q1 mode frequencies cross each other) at which the peak of
the q1 mode occurs, because & � 1mode damping is greater than the
q1 mode. If& � 1mode damping is lower than that ofq1 mode, then a
valley appears. According to the figure, the q1 mode becomes
unstable first among the modes considered. Furthermore, q2 and p
modes become consecutively unstable.

Figures 5 illustrates the results obtained in the time and frequency
domains, respectively, while numerically increasing aircraft speed
from165 to 256m/s tofind a stability boundary. To increase theflight
speed of a practical tiltrotor aircraft, collective pitch needs to be
adjusted. However, in the present numerical examination, the aircraft
speed is increased in an arbitrary fashion. Figure 5a shows the results
of the wing modes in the time domain. It is shown that the system
remains stable until V � 238 m=s. However, the aircraft becomes
unstable when its flight speed is higher than 238 m/s. Figure 5b
shows q1 and q2 mode results in the frequency domain at the same
flight speed.When the poles of the vertical bendingmode of thewing
are located on an imaginary axis, the aircraft is on the verge of flutter
instability. If they are located in the right half-plane, the system is
unstable. Based on the present aerodynamicmodel, it is observed that
stability boundary is approximately 238 m/s, which is considered to
be a practical whirl-flutter boundary for the present tiltrotor aircraft.

1006 KIM AND SHIN



B. Greenberg’s Quasi-Steady Aerodynamic Model

The second aerodynamic model has a similar formulation with
that for the normal quasi-steady aerodynamics. However, the lift
formulation has a few different terms. According to Eq. (4), the

first-order time-derivative terms _h and _�ref are newly included in

Greenberg’s quasi-steady aerodynamic formulation. Here, _h is
velocity of the flapping motion, which is due to ��uP and �uT
components, and _�ref is an angular velocity of the pitch motion
with respect to the inertial frame. They are presented in
Appendix A.

In Fig. 6, the results of the frequency and damping for each mode
show similar trends with those based on the previous normal quasi-
steady aerodynamic model. However, the critical flight speed is
slightly increased. Figure 6b clearly shows that q1 mode becomes
unstable at approximately V � 240 m=s among the modes. The
precise flutter boundary may be extracted by the system pole result
obtained from the eigenvalue analysis.

Figure 7 shows the result of the system poles, which represents the
whirl-flutter stability boundary using Greenberg’s present quasi-
steady aerodynamics. According to the frequency-domain analysis,
the flutter boundary isV � 245 m=s.When the flight speed becomes
245 m/s, the poles corresponding to the wing vertical bending mode
q1 are located on an imaginary axis. There is a slight discrepancy
regarding the flutter boundary between the normal and Greenberg’s
aerodynamic models. Under Greenberg’s present quasi-steady

aerodynamics, flutter occurs at a slightly higher flight speed than it
does under the normal quasi-steady aerodynamics.

C. Full Unsteady Aerodynamic Model

The quasi-steady aerodynamic model is believed to be incapable
of describing a detailed aerodynamic environment in a tiltrotor
aircraft. In this section, numerical investigation is conducted using
the full unsteady aerodynamics.

In Fig. 8, the results of the frequency and damping for each mode
show similar trends with those based on the previous quasi-steady
aerodynamic models. However, the blade flapping modes exhibit a
different behavior. The low-frequency mode of the blade flapping
motion, � � 1, is not coincident with the wing modes until
V � 274 m=s. The high-frequency mode of blade flapping motion,
�� 1, does not coincide with the high-frequency blade lag mode,
either. Because of this different behavior, it is observed that the low-
frequency blade flapping mode increases the damping of the wing
modes. The unsteady aerodynamic environment influences the
blade flapping motion so that the estimated flutter speed may result
in an increased value, which is due to the increase in the wing
damping.

Figure 9 illustrates the frequency result while increasing the flight
speed from 238 to 274 m/s. According to this result, the stability
boundary is shown to be 265 m/s, based on the full unsteady
aerodynamics.

Fig. 4 Frequency and damping results in terms of the flight speed in the normal quasi-steady aerodynamic model.

Fig. 5 Time- and frequency-domain results using the normal quasi-steady aerodynamics.
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The critical flight speed is predicted to be the highest under the full
unsteady aerodynamics when compared with those based on the
quasi-steady aerodynamic models.

D. Comparison of the Results Among Three Aerodynamic Models

Used

Figure 10 shows the comparison of the whirl-flutter stability in
damping among the three aerodynamic models used. This result

shows that the whirl-flutter stability is estimated to be the most
conservative by the normal quasi-steady aerodynamic model, up to
approximately 11%. Between the normal and Greenberg’s quasi-
steady aerodynamic models, the stability boundary based on
Greenberg’s model is overestimated by approximately 3%. It is clear
that the full unsteady aerodynamic model provides the highest flutter
speed. The background for such estimation is given in the previous
section.

One of the reasons that the present analysis shows the varying
flutter stability result is the different amount of aerodynamic
damping introduced in the respective aerodynamics. The full
unsteady aerodynamics assumes more aerodynamic damping than
does the quasi-steady aerodynamics. A similar situation in a general
fixed-wing aeroelastic problem is described well in [14]. It is
observed that the flutter stability boundary is overestimated by the
full unsteady aerodynamics due to such an assumption.

E. Validation with the Previous Predictions and Experiments

The present analysis is validated against the other existing
numerical predictions provided in [2,18]. The comparison is
illustrated in Fig. 11. Figure 11a shows the wing vertical bending q1
compared with the other results based on a rigid blade without
considering control system flexibility. The predicted trends for
damping of the wing modes show good agreement. The model
parameters used in the present analysis are the same as those used in
[2]. Figure 11b shows the comparison with the experimental data,
which are based on an experimental model with control system
flexibility. There is a difference between the present result and the
sophisticated elastic-blade models. The present model overestimates

Fig. 6 Frequency and damping results in terms of the flight speed in Greenberg’s quasi-steady aerodynamic model.

Fig. 7 Frequency-domain results using Greenberg’s quasi-steady

aerodynamics.

Fig. 8 Frequency and damping results in terms of the flight speed in full unsteady aerodynamic model.
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the whirl-flutter speed against the sophisticated models by
approximately 80 m/s. The blade elastic torsion motion and the
control systemflexibility are now regarded to be important factors for
a precise stability boundary, because those factors were taken into
account in the previous predictions.

F. Model Improvement Including the Control System Flexibility

Introducing a significant discrepancy regarding the stability
boundary between the present analysis and the other existing results
described in the previous section is the fact that the full-scale XV-15
aircraft and the previous models possess a flexible control system.
However, the present model assumes a rigid control system. Hence,
to obtain a capability for a more accurate stability-boundary
prediction, a flexible control system needs to be modeled and
included in the present model. In [4], a relationship between the
control system flexibility and the kinematic couplings of the rotor
system, such as pitch flap �3 and pitch lag �4, is presented. A detailed
relationship between the control system stiffness and effective pitch-
lag coupling can be expressed as follows:

KP& �
M�

IP!
2
�

(33)

In Eq. (33), it is apparent that the control system stiffness is
inversely proportional to the pitch-lag coupling. If the control system
is completely rigid, �4 will be zero. On the contrary, if it is
considerably flexible, �4 will become infinite. Therefore, it is quite
important to determine the correct degree of the flexibility in the
control system. Figure 12 illustrates the variation of the pitch-flap
and pitch-lag coupling parameters, measured from both XV-15 full-
scale flight test [2] and the semispan model [18] in terms of the flight
speed.

In the present model development, the control system is assumed
to be completely rigid so that �4 may not be influenced, due to the fact
that its numerical value is quite small compared with that of �3 under
the perturbed blade pitch motion. However, if the control system is
flexible, the perturbed blade pitchmotion needs to be reformulated as
follows:

�����KP � &KP& (34)

By substituting Eq. (34) into Eq. (11), an improved aeroelastic
stability analysis is established and an updated analysis is conducted
using the normal quasi-steady aerodynamics. Figure 13 shows the
comparison results for the damping in the wing vertical bending q1
between the presently improved analysis and the other existing
numerical results. The predicted trend for the damping of the wing
mode now shows better agreement.

G. Comparison of the Results Between the 9-DOF and 4-DOF
Models

The present 9-DOFmodel is also comparedwith the 4-DOFmodel
developed previously by the authors. The 4-DOF model takes into

Fig. 9 Frequency-domain results using the full unsteady aerodynam-

ics.

Fig. 10 Damping results of the wing vertical bending mode by each

aerodynamic model.

Fig. 11 Damping of the wing vertical bending mode in terms of the flight speed: a) rigid-blade model without control system flexibility and b) elastic-

blade model with flexible control system and experimental data.
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account the blade flapping motion and rigid pylon motion only. The
analytical procedures and results for the 4-DOF model are presented
in [8]. Figure 14 shows the system pole results obtained from the 9-
DOF model with both the completely rigid and flexible control
systems, respectively, and from the 4-DOF model under the normal
quasi-steady aerodynamics. In Fig. 14, it is observed that the

instability is predicted to occur atV � 238, 90, and 159m/s by the 9-
DOF rigid, 4-DOF, and 9-DOF flexible models, respectively. It
indicates that the present 9-DOF model with the flexible control
system predicts the best-correlated flutter stability boundary
compared with the other two models under the same aerodynamics,
when those are compared with the result based on the sophisticated
elastic-blade models. The present difference between the 9- and 4-
DOF models is due to the inclusion of the wing, which is then
connected with the rotor. The interaction between the wing and rotor
creates the whirl-flutter phenomenon, and therefore the wing should
be considered to estimate a precise whirl-flutter stability. However,
the 4-DOFmodel does not include the wing degrees of freedom, and
thus the �1S mode of the rotor system exhibits instability instead.

Figure 14 also illustrates an influence of the control system
flexibility on the whirl-flutter stability boundary. If the control
system becomes stiffer, the flutter stability boundary is increased
significantly, because the control system flexibility generally
influences the kinematic couplings and varies the flutter stability
boundary of the aircraft, as described in the previous section [4,18].

V. Conclusions

Time- and frequency-domain analyses are conducted using a
newly developed analysis for whirl-flutter stability in tiltrotor aircraft
with a rigid blade and elastic wing. The frequency and damping of
each mode are also calculated. Two quasi-steady and an unsteady
aerodynamic models are used to predict the whirl-flutter stability
boundary. The developed model shows good agreement with the
other existing numerical analyses. Investigations of the influence
with respect to different aerodynamic models are concluded as
follows:

1) The flutter speeds based on the two quasi-steady aerodynamic
models are close to each other. However, the full unsteady
aerodynamicmodel predicts that thewhirl-flutter instability occurs at
a higher speed than that predicted by the quasi-steady aerodynamic
models. Also, it is found that the criticalmode offlutter is relatedwith
the elastic-wing modes.

2) The low frequencies of the blade flap and lag motion, which are
� � 1 and & � 1, are found to be quite related with the aircraft
stability. The low frequency of the blade lag motion influences
stability under the quasi-steady aerodynamic model. However, the
low frequency of the blade flappingmotion influences stability under
the unsteady aerodynamic model. According to the preceding
results, the major components that affect the aircraft stability are the
regressive modes of the rotor.

3) The present model is validated against other existing numerical
and experimental data. Because the wing vertical bending mode
becomes unstable first, the vertical bending mode is compared as a
function of the flight speed. The estimated trends of damping mode
are in good agreement. The present results and the existing data show
a similar flutter stability boundary.

4) The control system flexibility is considered in the presentmodel
with a relationship between control system stiffness and effective
pitch-lag coupling. The proper pitch-lag coupling value is selected in
terms of flight speed. The flutter analysis is accomplished with
normal quasi-steady aerodynamics. The wing vertical bendingmode
is compared with the present model and other existing models. The
predictions of damping mode show good correlation each other.
Whole models have a similar flutter stability boundary:
approximately 150 m/s.

5) The flutter stability boundary predicted by the present 9-DOF
model including the flexible control system gives better correlation
than that by the previous 4-DOFmodel under the same aerodynamic
models. By comparing the results between the stiff and flexible
control systems using the 9-DOF model, a stiffer control system
gives an increased flutter boundary.

Appendix A: Perturbation Velocity Expression

The perturbation terms of the velocity are presented in Eqs. (A1–
A3). Equation (A4) presents the trim and perturbation expressions in

Fig. 12 Rotor coupling parameters measured in terms of the flight
speed.

Fig. 13 Damping of the wing vertical bending mode, when including

the flexible control system.

Fig. 14 Comparison of the flutter boundary between the 4-DOF and 9-

DOF model under the normal quasi-steady aerodynamics.
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the blade pitch term. Equations (A5) and (A6) are used in
Greenberg’s quasi-steady and unsteady aerodynamic models. In
Eq. (A5), KP � tan �3.

� �uT � �r� _�Z � _&� � �h� _�y sin m � _�x cos m�
� � �V � �v���y sin m � �x cos m�
� �V��G cos m � �G sin m� � � _yP cos m � _xP sin m�
� �r� �uTA � � �uTB (A1)

� �uP � �r� _� � _�y cos m � _�x sin m� � � �VuG � _zP�
� �r� �uPB � � �uPA (A2)

�U�
uT0
U0

�uT �
up0
U0

�up; � _U�
uT0
U0

� _uT �
up0
U0

� _up (A3)

�0 � �0 � �0 � �0 � tan�1
uP0

uT0
’ �0 �

uP0

uT0
(A4)

��ref ��Kp�� �y cos � �x sin (A5)

_h���up cos�� �uT sin� (A6)

Appendix B: Governing Equation

The governing equation with quasi-steady aerodynamic models is
presented in a matrix form as follows:

A �x� B _x� Cx|���������{z���������}
structural part

�
D|{z}

aerodynamic part
(B1)

where the relevant matrices are as follows:

A�

I
� 0 0 0 0 0 0 0 �I
��
0 I
� 0 0 0 0 0 �I
�� �


0
w 0

0 0 I
& 0 0 0 0 � �
0whmS
& 0

0 0 0 I
& 0 0 S
& �yTw 0 S
&hm
0 0 0 0 I
�0 0 0 �S
�0 �yTw 0

0 0 0 0 0 I
&0 I
&0� �

0
w 0 0

0 0 0 S
& �yTw 0 0 �I
qw �m
p�� �y2Tw2Mb 0 S
w� 2hm �yTwMb

0 0 �S
&hm �
0w 0 �2�yTwS
�0 0 0 �I
qw � I
px �
02w �m
p� �h2m �
02w2Mb� �y2Tw2Mb 0

0 0 0 S
&hm 0 0 S
w� 2hm �yTwMb 0 �I
qw � I
py�� 2h2mMb

2
6666666666664

3
7777777777775

(B2)

B�

0 2I
� 0 0 0 0 0 �2I
�� �

0
w 0

�2I
� 0 0 0 0 0 0 0 2I
��
0 0 0 2I
& 0 0 0 0 0

0 0 �2I
& 0 0 0 0 0 0

0 0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0 0

0 0 0 0 0 0 C
q1 0 0

0 0 0 0 0 0 0 C
q2 0

0 0 0 0 0 0 0 0 C
p

2
6666666666664

3
7777777777775

(B3)

C�

I
�� �
2� � 1� 0 0 0 0 0 0 0 0

0 I
�� �
2� � 1� 0 0 0 0 0 0 0

0 0 I
&� �
2� � 1� 0 0 0 0 0 0

0 0 0 I
&� �
2� � 1� 0 0 0 0 0

0 0 0 0 I
�0 �

2
�0

0 0 0 0

0 0 0 0 0 I
&0 �

2
�0

0 0 0

0 0 0 0 0 0 K
qq 0 0

0 0 0 0 0 0 0 K
q2 0

0 0 0 0 0 0 0 0 K
p

2
66666666666664

3
77777777777775

(B4)

DT �
��
�

�MF1c

a �c

�
rotor

;

�
�

�MF1s

a �c

�
rotor

;

�
�

�ML1c

a �c

�
rotor

;

�
�

�ML1s

a �c

�
rotor

;

�
�

�MF0

a �c

�
rotor

;

�
�

�ML0

a �c

�
rotor

; �
2� �Mq1�aero

�a

�
�
�2 �
0w

CQ
�a
� � �yTw

2CH
�a

�
rotor

; �
2� �Mq2

�aero
�a

�
�
�� �
0w

2CMx

�a
� � �
0w �h

2Cy
�a
� 2� �yTw

CT
�a

�
rotor

; �
2� �Mp�aero
�a

�
�
�
2CMy

�a
� � �h 2CH

�a
� �2C
pq �yTwq1

CT
�a

�
rotor

�
(B5)
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